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Abstract
For a Lie ring L over the ring of integers, we compare its lower
central series {γn(L)}n≥1 and its dimension series {δn(L)}n≥1 defined by
setting δn(L) = L ∩̟
n(L), where ̟(L) is the augmentation ideal of the
universal enveloping algebra of L. While γn(L) ⊆ δn(L) for all n ≥ 1, the
two series can differ. In this paper it is proved that if L is a metabelian
Lie ring, then 2δn(L) ⊆ γn(L), and [δn(L), L] = γn+1(L), for all n ≥ 1.
Keywords : Lie rings, Lie dimension subrings, central series, universal enveloping
algebra.
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1 Introduction
For a group G and its group ring Z[G] with augmentation ideal ̟(G) =
Z[G](G− 1), one can define the following two series of subgroups of G. Firstly,
we have the lower central series {γn(G)}n≥1, defined by setting γ1(G) = G and
γn+1(G) = [G, γn(G)] for n ≥ 1; secondly, we have the so called dimension series
{δn(G)}n≥1 with δn(G) = G∩(1+̟
n(G)). It is easy to see that γn(G) ⊆ δn(G)
for all n ≥ 1, but the converse inclusion is not true in general, as first shown by
E. Rips [8]. Subsequently, it has been proved by J. A. Sjogren [10] (see also [6])
that, for every group G, the quotient group δn(G)/γn(G) has exponent dividing
cn, where
cn =
n−2∏
k=1
b
(n−2k )
k
with bk = lcm(1, . . . , k). For metabelian groups, N. Gupta [3] (see also [4]) has
given such constants which are sharper than the ones obtained by Sjogren.
For Lie rings over the ring Z of integers, an analogous study has been
initiated in [1]. Let L be a Lie ring over Z and let U(L) be its universal
enveloping algebra. In L we again have the lower central series {γn(L)}n≥1 given
by setting γ1(L) = L and γn+1(L) = [L, γn(L)] for n ≥ 1, and the Lie dimension
series {δn(L)}n≥1 in L can be defined as follows. Let ̟(L) be the augmentation
ideal of the universal enveloping algebra U(L) of L. Since L embeds into U(L)
(see, e.g., [2]), ̟(L) is the two-sided ideal in U(L) generated by L. Thus we can
define the series {δn(L)}n≥1 of Lie subrings of L by setting δn(L) := L∩̟
n(L),
n ≥ 1. It is easy to see that γn(L) ⊆ δn(L) for all n ≥ 1. It is shown in [1]
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that δn(L) = γn(L) for n ≤ 3 for every Lie ring L, and a counterexample to the
equality is given for the case n = 4. It is further shown in [1] that 2δ4(L) ⊆ γ4(L)
always. In view of the fact that in Lie algebras over the field of rationals the
lower central and the dimension series coincide [7], all quotients δn(L)/γn(L)
are torsion abelian groups. It is shown in [9] that an analogue of Sjogren’s result
holds as well for Lie rings, i.e. cnδn(L) ⊆ γn(L) for every Lie ring L.
Our main result in this paper (Theorem 2.1) is that for every metabelian Lie
ring L, 2δn(L) ⊆ γn(L) for all n ≥ 1. We further show that, as in the case n = 4
given in [1], there exist metabelian Lie rings L(n) for all n ≥ 5 with nontrivial
δn(L(n))/γn(L(n)).
2 Dimension quotients of metabelian Lie rings
If F is a free Lie ring with basis X , then its universal enveloping algebra U(F )
is isomorphic to the free associative algebra over Z generated by X , and the
augmentation ideal ̟(F ) consists of all polynomials whose constant term is
zero. It is shown in [1], that γn(F ) = δn(F ) for all n ≥ 1.
For notational convenience, for a Lie ring L, we denote by L′ its derived
subring [L, L]; thus, in particular, L′′ denotes the second derived subring of L.
Theorem 2.1. If L is a metabelian Lie ring, then 2δn(L) ⊆ γn(L) for all n ≥ 1.
To prove this theorem, it clearly suffices to consider only finitely generated
Lie rings.
Let L be a finitely generated metabelian Lie ring and let L ∼= F/R be a pre-
abelian presentation of L with F a free Lie ring having basisX = {X1, . . . , Xm}
and R ⊇ F ′′ an ideal of F generated by e1X1 + ξ1, . . . , emXm + ξm, ξm+1, . . .
such that e1, . . . , em are nonnegative integers with ei | ei+1 for all i ∈ {1, . . . ,m−
1}, and ξi ∈ F
′, the derived subring of F . It is easy to see that every finitely
generated Lie ring has such a pre-abelian presentation. Denote by r the ideal
of U(F ) generated by R. We then have U(L) ∼= U(F )/r. Furthermore, we have
γn(L) ∼= (γn(F )+R)/R and δn(L) ∼= (F ∩(̟(F )
n+r))/R for all n ≥ 1. Observe
that
r = ̟(F )r+R; (1)
thus, for any element f ∈ F ∩ (̟n + r), there exists an element f ′ ∈
F ∩ (̟n +̟r), such that f ′ ≡ f mod R.
Set S = F ′ + R, and denote by s the two-sided ideal of U(F ) generated by
S. We begin by identifying the Lie ideals
M := F ∩̟(F )s and F ∩ (̟(F )n +̟(F )s).
Lemma 2.2. With the notation as above, we have
(i) M = 〈ei[Xi, Xj ] |m ≥ i > j ≥ 1〉+ [F
′, S],
(ii) [M, F ] ⊆ [F ′, S],
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(iii) F ∩ (̟(F )n +̟(F )s) = γn(F ) +M for all n ≥ 1.
Proof. (i) It is clear that [F ′, S] is contained in F ∩̟(F )s. Also, for i > j we
have ej | ei, and thus ei[Xi, Xj ] = XieiXj −XjeiXi ∈ F ∩̟(F )s.
To check the reverse inclusion, note first that F acts on itself via the adjoint
action:
xy := ady(x) = [x, y] for x, y ∈ F.
This action extends to an action of the universal enveloping algebra U(F ) on F ,
and for an associative monomial w = Xi1 · · ·Xid ∈ U(F ) and x ∈ F , we have
xw = [x, Xi1 , . . . , Xid ],
where the Lie commutator is left normed.
Now suppose v ∈ F ∩̟(F )s. Then v ∈ F ∩̟(F )2 = F ′. Therefore,
v ≡
∑
1≤j≤m−1
∑
m≥ i > j
[Xi, Xj ]
uij mod F ′′,
with uij ∈ U(F ) involving only the variables Xj , . . . , Xm. Let
vj :=
∑
m≥ i> j
[Xi, Xj]
uij .
For j = 1, . . . , m− 1, define endomorphisms θj of U(F ) by setting θj(Xi) = 0
for i < j and θj(Xi) = Xi for i ≥ j. Since both ̟(F ) and s are invariant under
each θj , successive application of the endomorphisms θm−1, . . . , θ1 shows that
vj ∈ F ∩̟(F )s for 1 ≤ j ≤ m− 1. Write
uij = nij + u
′
ij with nij ∈ Z, u
′
ij ∈ ̟(F )
so that
vj =
∑
m≥ i > j
nij [Xi, Xj ] +
∑
m≥ i> j
[Xi, Xj ]
u′ij . (2)
Note that, modulo ̟(F )s, the action of U(F ) is just right multiplication. Thus
we have, modulo ̟(F )s,
0 ≡ vj ≡
∑
m≥ i> j
nij(XiXj −XjXi) +
∑
m≥ i > j
(XiXj −XjXi)u
′
ij . (3)
The right coefficient of Xi, (m ≥ i > j), in this expression is Xjuij and must
be in s. As uij only involves the variables Xj , . . . , Xm, it follows that uij is
divisible by ej, so that nij is divisible by ej and
u′ij = ejfij .
Now the right coefficient of Xj is
∑
m≥ i> j(−nijXi −Xiu
′
ij) and it must also
lie in s. Thus ei | nij for each i > j, as the only terms of degree one in s are
linear combinations of ekXk, 1 ≤ k ≤ m. Thus it follows that
∑
m≥ i > j
Xiu
′
ij ∈ s.
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Denote by a the ideal of U(F ) generated by F ′. As a acts trivially on
[Xi, Xj] modulo F
′′, we can change u′ij modulo a, and thus assume, without
loss of generality, that u′ij and hence fij is a linear combination of ordered
monomials, i.e., monomials of the form Xk1 · · ·Xkt with j ≤ k1 ≤ . . . ≤ kt ≤ m.
Thus we can write
fij =
m∑
k=j
Xkgijk,
with gijk involving only the variables Xk, . . . , Xm. Thus we have
∑
m≥ i > j
Xiu
′
ij =
∑
m≥ i > j
m∑
k=j
ejXiXkgijk ∈ s.
As ejXiXjgijj ∈ s, we also have
∑
m≥ i> j
∑m
k=j+1 ejXiXkgijk ∈ s.
Successively applying θj+1, . . . , θi−1 it follows inductively that ek divides∑
m≥ i > j ejXiXkgijk for each k with j ≤ k < i. Thus we can write
∑
m≥ i > j
Xiu
′
ij =
∑
m≥ i > j


i−1∑
k=j
ekXiXkg
′
ijk + eihij

 ,
where hij ∈ ̟(F ) involves only the variables Xi, . . . , Xm. Consequently,
∑
m≥ i> j
[Xi, Xj ]
u′ij =
∑
m≥ i > j
i−1∑
k=j
ek[Xi, Xj, Xk]
g′ijk +
∑
m≥ i> j
ei[Xi, Xj ]
hij .
Now ek[Xi, Xj, Xk] = [Xi, Xj , ekXk] ∈ [F
′, S]. For k ≥ i, using Jacobi
identity, we have ei[Xi, Xj , Xk] ∈ [F
′, S]. Since hij ∈ ̟(F ) is a polynomial
only in the variables Xk with k ≥ i, it follows that ei[Xi, Xj]
hij ∈ [F ′, S]. Since
F ′′ is contained in [F ′, S], the proof of (i) is complete.
(ii) follows immediately from (i) in view of the Jacobi identity.
(iii) Clearly, γn(F )+M ⊆ F ∩(̟
n(F )+̟(F )s) for all n ≥ 1. For n = 1, 2, the
reverse inclusion holds trivially. Suppose n ≥ 3 and v ∈ F ∩ (̟(F )n +̟(F )s).
Then, proceeding as in case (i) above, we have
v ≡
∑
m≥ i> j≥ 1
[Xi, Xj ]
uij =
m−1∑
j=1
vj mod (F
′′ + γn(F )).
and, modulo ̟n(F ) +̟(F )s,
0 ≡ vj ≡
∑
m≥ i> j
nij(XiXj −XjXi) +
∑
m≥ i > j
(XiXj −XjXi)u
′
ij . (4)
Therefore, the right coefficient of Xj must be in ̟
n−1(F ) + s. Hence nij must
be divisible by ei and, modulo ̟
n−2(F ), u′ij must be divisible by ej . Writing
u′ij = ejfij +pij with pij ∈ ̟
n−2(F ) and decomposing fij as in the above proof
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of (i), we have
∑
m≥ i > j
[Xi, Xj]
u′ij =
∑
m≥ i > j
i−1∑
k=j
ek[Xi, Xj, Xk]
g′ijk
+
∑
m≥ i> j
ei[Xi, Xj ]
hij +
∑
m≥i>j
[Xi, Xj]
pij ∈M + γn(F ).
Hence v ∈ γn(F ) +M .
We immediately have the following corollary.
Corollary 2.3. If L is a metabelian Lie ring, then [δn(L), L] = γn+1(L) for all
n ≥ 1.
Proof. Since γn(L) ⊆ δn(L), we clearly have that γn+1(L) ⊆ [δn(L), L] for all
n ≥ 1.
For the reverse inclusion, let L = F/R be a free presentation of a metabelian
Lie ring L and let S = R+ F ′. Then [F ′, S] ⊆ R, and, by Lemma 2.2, we have
[F ∩ (̟n(F ) +̟(F )r), F ] ⊆ [F ∩ (̟n(F ) +̟(F )s), F ] ⊆ γn+1(F ) +R.
Hence it follows that [F ∩(̟n(F )+r), F ] ⊆ γn+1(F )+R, and the Corrolary
is proved.
2.1 Proof of the Theorem 2.1
Let L be a finitely generated Lie ring and L = F/R a pre-abelian presentation
of L as set out at the beginning of Section 2. Suppose v ∈ F ∩ (̟n(F ) + r).
Then there exists r ∈ R such that w := v + r ∈ F ∩ (̟n(F ) + ̟(F )r) ⊆
F ∩ (̟(F )n +̟(F )s). By Lemma 2.2, we then have
w ≡
∑
j
∑
m≥ i > j
dij [Xi, Xj ] +
∑
k
ek[Xk, ηk] mod (γn(F ) + F
′′) (5)
with dij ∈ Z such that ei | dij , and ηk ∈ F
′. In U(F ) this congruence yields
w ≡
∑
j
∑
m≥ i > j
dij(XiXj −XjXi) +
∑
k
ekXkηk mod ̟
2(F )s+̟n(F ).
Since w ∈ ̟(F )n +̟(F )r, it follows that
∑
k
Xk(yk + ekηk) ≡ 0 mod (̟
2(F )s+̟n(F ) +̟(F )r),
where
yk = −
∑
m≥i>k
dikXi +
∑
1≤j<k
dkjXj ∈ F.
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Thus, for every k, we have yk + ekηk ∈ ̟(F )s+̟
n−1(F ) + r, and there exists
rk ∈ r∩F = R with yk+ekηk+rk ∈ ̟(F )s+̟
n−1(F ). Since [F ′, S] ⊆ S′ ⊆ R,
by Lemma 2.2, we deduce that
[Xk, yk + ekηk + rk] ∈ γn(F ) + [F
′, S] ⊆ γn(F ) +R.
As [Xk, rk] ∈ R and [Xk, ekηk] = [ekXk, ηk] ∈ R, we conclude that
[Xk, yk] ∈ R+ γn(F ) for every k.
Finally, the congruence (5) reduces, modulo γn(F ) +R, to yield
w ≡
∑
j
∑
m≥ i > j
dij [Xi, Xj ] =
∑
k
Xkyk. (6)
Recall that the map given by u 7→ −u on F induces an anti-automorphism on
U(F ). Applying this anti-automorphism to the above equation yields
− w ≡
∑
k
ykXk. (7)
From the congruences (6) and (7), we have
2w =
∑
k
Xkyk − ykXk =
∑
k
[Xk, yk] ∈ γn(F ) +R,
and the proof is complete. 
Finally, following Gupta’s construction of counter examples to the dimension
conjecture for groups, as given in [5], and the construction of a Lie ring L with
δ4(L) 6= γ4(L) in [1], we observe that analogously, for each n ≥ 5, there exists a
metabelian Lie ring L(n) with nontrivial δ2n−4(L(n)) and γn(L(n)) = 0.
Example 2.4. Let X = {r, a, b, c} and let F be the free Lie ring generated by
X. Set
x0 = y0 = z0 = r,
xi = [xi−1, a], yi = [yi−1, b], zi = [zi−1, c] for i ≥ 1.
Let R(n), n ≥ 4, be the Lie ideal of F generated by the following elements:
22n−1r,
2n+2a− 4yn−3 − 2zn−3, 2
nb+ 4xn−3 − zn−3, 2
n−2c+ 2xn−3 + yn−3,
zn−2 − 4yn−2, yn−2 − 4xn−2,
xn−1, yn−1, zn−1,
[a, b, u], [a, c, u], [b, c, u] for all u ∈ F,
[xi, b], [xi, c], [yi, a], [yi, c], [zi, a], [zi, b], i ≥ 1,
[xi, xj ], [xi, yj ], [xi, zj ], [yi, yj ], [yi, zj], [zi, zj ], i, j ≥ 0.
Then L(n) := F/R(n) is easily seen to be metabelian with γn(L(n)) = 0. Let
g := 22n−1[a, b] + 22n−2[a, c] + 22n−3[b, c].
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It is straightforward to check that g ∈ ̟2n−4(L), i.e., g ∈ δ2n−4(L(n)), and that
g = 2n+1xn−2 = 2
n−3zn−2 = 2
2n−1[a, b].
That g 6= 0 is easily seen by comparing (in F ) the element 2n−3zn−2 + γn(F )
with the expression for an arbitrary element of (R(n) + γn(F ))/γn(F ) in terms
of the Witt basis [11] for F/γn(F ) as a free abelian group.
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